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Abstract 

In this paper using the third-order WKB approximation, a numerical method devised by Schutz, 
Will and Iyer, we investigate the quasinormal frequencies of the scalar field in the background of 
five-dimensional Lovelock black hole. We find that the ultraviolet correction to Einstein theory in 
the Lovelock theory makes the scalar field decay more slowly and makes the scalar field oscillate 
more quickly, and the cosmological constant makes the scalar field decay more slowly and makes 
the scalar field oscillate more slowly in Lovelock black hole backgroud. On the other hand we also 
find that quasinormal frequencies depend very weakly on the angular quantum number /. 
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I. INTRODUCTION 

The quasinormal modes[l|, depending only on a black hole parameters, are of great im- 
portance in gravitational-wave astrophysics, and might be observed in existing or advanced 
gravitational-wave detectors. Furthermore, black holes are often used as a testing ground for 
ideas in quantum gravity, and their quasinormal modes are obvious candidates for an inter- 
pretation in terms of quantum levels[2]. Because it is so important for black hole physics and 
gravitational-wave astrophysics, there are a lot of authors who are focus on the quasinormal 
modes of matter fields in different black hole background in the past decade. Such as: Quasi- 
normal modes of black holes in anti-de Sitter space Isll; the Dirac field quasinormal modes 41 

n n 

and the scalar field quasinormal modes[5|, |6| in different backgrouds. In recently some schol- 
ars investigated effects of dark energy and dark matter on quasinormal modes [3] and some 
extended the investigation of the. quasinormal modes to higher dimensional spacetimesQ]. 

Lovelockj^ extended the Einstein tensor, which is the only symmetric and conserved 
tensor depending on the metric and its derivatives up to the second order, to the most 
general tensor. They obtained tensor is non linear in the Riemann tensor and differs from 
the Einstein tensor only if the space-time has more than 4 dimensions. Therefore, the 
Lovelock theory is the most natural extension of general relativity in higher dimensional 
space-times. On the other hand. Lovelock theory resembles also string inspired models of 
gravity as its action contains, among others, the quadratic Gauss-Bonnet term, which is 
the dimensionally extended version of the four- dimensional Euler density. This quadratic 
term is present in the low energy effective action of heterotic string theory |10]. Since the 
Lovelock theory represents a very interesting scenario to study how the physics of gravity 
results corrected at short distance due to the presence of higher order curvature terms in 
the action. C. Garraffo et al ll(| gave a black hole solutions of this theory, and discussed 



how short distance corrections to black hole physics substantially change the qualitative 
features. And M. Aiello et al 13] presented the exact five-dimensional charged black hole 
solution in Lovelock gravity coupled to Born- Infeld electrodynamics. In their paper they 
also investigated thermodynamical properties of lovelock black hole spacetime. Further- 

n 

more, M. H. Dehghani and R. Pourhasan [13] focused on the temperature of the uncharged 
black holes of third order lovelock gravity and the entropy through the use of first law of 
thermodynamics. They analyzed thermodynamical stability and found that there exists an 
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intermediate thermodynamically unstable phase for black holes with hyperbolic horizon. R. 



A. Konoplya et al 



16| presented analysis of the scalar perturbations in the background of 



Bauss-Bonnet black hole spacetimes and its (in)stability in high dimensions 17l ]. 

The aim of this paper is to study the quasinormal mode of a scalar field in the Lovelock 

black hole spacetime in five- dimensional for different angular quantum number / by using 
;he third-order WKB approximation, a numerical method devised by Schutz, Will and Iyer 
isl . The paper is organized as follows: In section II we will give a brief review on the 

Lovelock black hole spacetime in five dimensions. In Section III a detail analysis on the 

quasinormal mode of a scalar field in the Lovelock black hole spacetime in five-dimensional 

is performed. In the last section a brief conclusion is given. 



II. LOVELOCK BLACK HOLE SPACETIME IN FIVE DIMENSIONS 

The Lovelock Lagrangian density in D dimensions is js] 

N 



(1) 



k=0 



where = y — 1 (for even D) and A^ 



D-l 



(for odd D). In ([T]), and A are constants 



which represent the coupling of the terms in the whole Lagrangian and give the proper 
dimensions. 

In Eq. Lk is 



2fcV y"il...j2fc-^«l«2 -^j2fc-l«2fe ' 



(2) 



where i?^ ,jp^ is the Riemann tensor in D dimensions, R'^^ pa = g'^^R^Spa, g is the determinant 



of the metric g^u and <^jj" is the generalized Kronecker delta of order 2k 



Q. 



The Lagrangian up to order 2 are given by 15 1 



2 
1 



y"jij2-"'n«2 



-gR, 



(3) 
(4) 

(5) 



r _ _ /377X«1«2*3«4 pJlJ2 T-)J3J4 _ 

where we recognize the usual Lagrangian for the cosmological term, the Einstein-Hilbert 
Lagrangian and the Lanczos Lagrangian respectively. 
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For dimensions D — 5 and D — 6 the Lovelock Lagrangian is a linear combination of the 
Einstein-Hilbert and Lanczos Lagrangian. 
Hence, the geometric action is written as 

[ Ld^x. (6) 



In this paper wc only consider the spacetime in five dimensions, so the Lagrangian is a 
linear combination of the Einstein-Hilbert and the Lanczos ones, and the Lovelock tensor 
results 



Rnv- i^R 9nv + A g^iu (7) 



- « g^. (Rpsjx R"'^^ - 4 Rp5 R"' + R^)- (8) 

2 it! + 4 R^p R^ + 4: Rps -R^f, — 2 Rups-y Rf'^}. (9) 

The five-dimension Lovelock theory mainly corresponds to Einstein gravity coupled to the 
dimensional extension of four dimensional Euler density, that's to say, the theory referred as 
Einstein-Gauss-Bonnet theory. The spherically symmetric solution in five dimensions take 
as the follow form: 

ds'^ = -N{r)df + N-\r)dr'^ + r'^dill, (10) 

where dfl^ is the metric of a unitary 3-sphere, and 

N{r) = ^a-^M + 2r^-ArV3 ^^^^ 
4:a + r'^ + sjr^ + ^akr^ + IQMa 

where M, A are ADM mass, cosmological constant, respectively, and a is the coupling con- 
stant of additional term that presents the ultraviolet correction to Einstein theory. 



III. QUASINORMAL MODE OF A SCALAR FIELD IN THE LOVELOCK BLACK 
HOLE SPACETIME 

The general perturbation equation for the massless scalar field in the curve spacetime is 
given by 

-^d,{^g>^^d.)^l^ = 0, (12) 
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FIG. 1: The behavior of the effective potential V{r) vs r for the Lovelock Black hole by fixed 
parameters / = 1,M = 1,A = 0.1 and coupling constants a = 0. 1 (r ed), 0. 4:{y ell ow), 0.7 (blue). 




2 3 4 5 6 



r 

FIG. 2: The behavior of the effective potential V{r) vs r for the Lovelock black hole by fixed 
parameters I = 1, M = l,a = 0.1 and cosmological constants A = 0{red),0.3{yellow),0.6{blue). 
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FIG. 3: The behavior of the effective potential V{r) vs r for the Lovelock black hole by fixed 
parameters M = 1, A = a = 0.1 and angular quantum numbers / = l{red),2{iiellow),3{blue). 
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FIG. 4: The peak point (r = rp)of the effective potential vs the parameters of the Lovelock 
black hole for different angular quantum numbers. The left corresponds to Fig.l and the right 
corresponds to Fig. 2. 
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FIG. 5: Variation of the real parts (the above row) and imaginary parts (the bottom row) of 
quasinormal frequencies of the scalar field in the Lovelock black hole spacetime with parameters 
M = 1,A = 0.1. 



where ip is the scalar field. 
Introducing the variables ip 



Y{6, (p) and r^^ = j 



4a-4M+2r^-Ar->/3 
4a+r2+^r*+|«Ar4+16Ma ' 



substituting Eq. (fTT|) into Eq. (fT2!) . we obtain a radial perturbation equation 



+ (cu" - V{r))^r) = 0, 



(13) 
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7^. 
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FIG. 6: Variation of the real parts (the above row) and imaginary parts (the bottom row) of 
quasinormal frequencies of the scalar field in the Lovelock black hole spacetime with parameters 
M = l,a = 0.1. 



where 



V{r) 



+ 



Aa-AM + 2r2 - ArV3 ^{l + 2) 

4a + r2 + ^r^ + ^akr^ + 16Ma 

3 4a - 4M + 2r2 - ArVS 
4^2 



4a + r2 + Jr^ + ^akr^ + 16Ma 



1 



(3 



3 + 4aM 



(14) 



4a''' V9r4 ^ i2aAr4 + 144Ma 
It is obvious that the effective potential V depends only on the value of r, angular quantum 
number /, ADM mass M, cosmological constant A and coupling constant a, respectively. 
Fig.l and the left one of Fig. 4 show the variation of the effective potential and its peak 
point Tp with respect to the coupling constant a. From these two figures we can find that 
the peak value of potential barrier gets lower and the location of the peak (r = Tp) moves 
along the right when the coupling constant a decreases. In Fig. 2 and the right one of Fig. 4 
we give the variation of the effective potential and the its peak point with respect to the 
cosmological constant A. On the other side, from these two figures we can find that the peak 



value of potential barrier gets lower and the location of the peak (r 



moves along the 



right when the coupling constant A increases, which is different from the coupling constant 
a. But from Fig. 3 we can see that the peak value of potential barrier gets upper and the 
location of the peak point (r = moves along the right when the angular quantum number 
/ increases. 

From effective potential V"(r), i.e., Eq. (fT4|) and Fig. 1,2, we find that the quasinormal 
frequencies depend on the coupling constant a and the cosmological constant A. In this 
paper, we plan to investigate the relationship between the quasinormal mode and the cou- 
pling constant a and the cosmological constant A, respectively. For convenience we take 
M = 1 in our calculation. In order to evaluate the quasinormal frequencies for the massless 
scalar field in the Lovelock black hole spacetime flTUl) . we use the third-order WKB approx- 
imation, a numerical method devised by Schutz, Will and Iyer |l^. This method has been 
used extensively in evaluating quasinormal frequencies of various black holes because of its 
considerable accuracy for lower-lying modes. In this approximate method, the formula for 
the complex quasinormal frequencies lo is 



(15) 



where 



A 




288 V Vr 



v: 



(7 + 60A^^ 



(16) 



1 f 5 f^c 



--^ (77 + 188Ar2 




+ 



288 



and 



^0 V, 



N 



(5)' 



(51 + lOOAT^) + 



(19 + 2SN^) - 




(67 + 68Ar2 



(5 + AN') 



(17) 



1 

n+-. 



Vr 



in) 



(18) 



=r,(rp) 



Substituting the effective potential into the formula above, we can obtain the quasi- 
normal frequencies of the scalar field in the background of five-dimensional Lovelock black 
hole. Fig. 5 and Table. I show the real and imagine parts of quasinormal frequencies for 
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the scalar field with the variation of coupling constant a and angle quantum number I. 
By analyzing these data and curves, we can find that, when the coupling constant a (i.e. 
the additional term presents the ultraviolet correction to Einstein theory) increases, the 
real part quasinormal frequencies of the scalar field increases, while the imaginary part de- 
creases, which means that the ultraviolet correction makes the scalar field decay more slowly 
and makes the scalar oscillate more quickly. Fig.6 and Table. II show the real and imagine 
parts of quasinormal frequencies for the scalar field with the variation of the cosmological 
constant A and angle quantum number /. Base on the data, we can make a conclusion 
that, when the cosmological constant A increases, the real part and the imaginary part of 
quasinormal frequencies of the scalar field decreases, that's to say which means that the cos- 
mological constant makes the scalar field decay more slowly and makes the scalar oscillate 
more slowly. 

Moreover, The Re(c<j) increases (decreases the oscillatory time scale) and the Im(ci;) de- 
creases (increases the damping time scale) as the angular quantum number / increases for 

fixed n, quasinormal frequencies depend very weakly on the angular quantum number /, 

[ I 

which is the same as Jing's[19l]. 

TABLE I: Quasinormal frequencies of the scalar field in the Lovelock black hole spacetime with 
parameters M = 1, A = 0.1 and n = 0. 



a 


u; (/ = 0) 


(Z = 1) 


w (/ = 2) 


tj (Z = 3) 


0.1 


0.373800-0.3038471 


0.715847-0.2492501 


1.07354-0.2389971 


1.43010-0.2363521 


0.2 


0.374204-0. 288632i 


0.725245-0.2378741 


1.08845-0.2284681 


1.45024-0.2260951 


0.3 


0.374958-0.275545i 


0.736564-0.2269621 


1.10557-0.2179601 


1.47295-0.2156061 


0.4 


0.376224-0.2639011 


0.749615-0.2159281 


1.12509-0.2070521 


1.49867-0.2045301 


0.5 


0.377815-0.2532001 


0.764359-0.2041531 


1.14737-0.1951671 


1.52804-0.1923381 


0.6 


0.379676-0.2430301 


0.780916-0.1908881 


1.17301-0.1814961 


1.56212-0.1782431 


0.7 


0.381678-0.2330811 


0.799620-0.1750641 


1.20317-0.1647781 


1.60272-0.1610141 
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TABLE II: Quasinormal frequencies of the scalar field in the Lovelock black hole spacetime with 
parameters M = 1, a = 0.1 and n = 0. 



A 


iu (1 = 0) 


L0(l = l) 


iu (1 = 2) 


a; (Z = 3) 





0.375051-0.3045961 


0.718738-0.2498211 


1.07808-0.2397501 


1.43618-0.2371401 


0.1 


0.373800-0.3038471 


0.715847-0.2492501 


1.07354-0.2389971 


1.43010-0.2363521 


0.2 


0.372561-0.3031021 


0.712923-0.2485641 


1.06905-0.2382511 


1.42409-0.2355711 


0.3 


0.371335-0.3023591 


0.710035-0.2478821 


1.06462-0.2375111 


1.41815-0.2347971 


0.4 


0.370118-0.3016191 


0.707182-0.2472031 


1.06024-0.2367761 


1.41229-0.2340301 


0.5 


0.368915-0.3008831 


0.704363-0.2465301 


1.05591-0.2360491 


1.40650-0.2332711 


0.6 


0.367723-0.3001501 


0.701578-0.2458601 


1.05164-0.2353271 


1.40078-0.2325181 



IV. CONCLUSIONS 

Using the third-order WKB approximation, a numerical method devised by Schutz, Will 
and Iyer, we obtained the quasinormal frequencies of the scalar field in the background 
of five-dimensional Lovelock black hole in further detail, we can find that the ultraviolet 
correction to Einstein theory in the Lovelock theory makes the scalar field decay more slowly 
and makes the scalar field oscillate more quickly, and the cosmological constant makes the 
scalar field decay more slowly and makes the scalar field oscillate more slowly in Lovelock 
black hole backgroud. At the same time we also find that quasinormal frequencies depend 
very weakly on the angular quantum number /. 
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